Abstract. Given a real analytic (or, more generally, semianalytic) set R in C n (viewed as R 2n ), there is, for every p ∈R, a unique smallest complex analytic germ Xp that contains the germ Rp. We call dim C Xp the holomorphic closure dimension of R at p. We show that the holomorphic closure dimension of an irreducible R is constant on the complement of a closed proper analytic subset of R, and discuss the relationship between this dimension and the CR dimension of R.
Main Results
Given a real analytic set R in C n (we may identify C n with R 2n ), we consider the germ R p at a point p ∈ R, and define X p to be the unique smallest complex analytic germ at p that contains R p . We will call dim C X p the holomorphic closure dimension of R at p (denoted by dim HC R p ). It is natural to ask how this dimension varies with p ∈ R. In [11, Thm. 1.1] the second author showed that, if R is irreducible of pure dimension, then dim HC R p is constant on a dense open subset of R, which allows us to speak of the generic holomorphic closure dimension of R in this case. Upper semicontinuity implies that the generic value of dim HC R p is the smallest value of the holomorphic closure dimension on R. It remained an open problem whether the jump in the holomorphic closure dimension actually occurs. In the present paper we construct real analytic sets with non-constant holomorphic closure dimension, and study the structure of the locus of points where this dimension is not generic. We note that the holomorphic closure dimension is well defined on all of R, including its singular locus. If R is not of pure dimension, then (see, e.g., [4] ) the locus of smaller dimension is contained in a proper real analytic subset of dimension less than d, which can be included into S. In particular, S may have non-empty interior in R (see Example 6.4) . We also note that unless additional conditions are imposed on R, the germs X p realizing the holomorphic closure dimension of R at p cannot be glued together to form a global complex analytic set containing R.
It should be stressed that the discontinuity in the holomorphic closure dimension is by no means related to (real) singularities of R. As shown in Section 6, the exceptional set S may be nonempty even in the case when R is a smooth real analytic submanifold of C n . Instead, the holomorphic closure dimension should be viewed as a measure of how badly a real analytic set is locally twisted with respect to the complex structure of its ambient space. Thus, one can interpret this dimension as a generalization of the concept of a uniqueness set. Indeed, a real analytic set R in C n is a local uniqueness set, at a point p ∈ R, for holomorphic functions in C n if and only if dim HC R p = n. The notion of the holomorphic closure dimension can be extended to the class of semianalytic sets. Recall that a set R ⊂ R n is semianalytic if, for every point p ∈ R n , there exist a neighbourhood U and a finite collection of functions f jk and g jk real analytic in U such that
If R is a semianalytic set in C n ∼ = R 2n , of dimension d > 0 at a point p ∈R, then there are an open neighbourhood U of p, and a real analytic set Z ⊂ U of dimension d, such that R ∩ U ⊂ Z and R \ {interior of R in Z} is semianalytic of dimension at most d − 1 (see [ Curiously enough, the discontinuity of the holomorphic closure dimension is a purely transcendental phenomenon. This is a direct consequence of the fundamental connection between the holomorphic closure dimension and the Gabrielov irregularity (see below), which is established in the proof of Theorem 1.1. Theorem 1.3. Let R be a connected semianalytic set of pure dimension d > 0 in C n , contained (resp. locally contained) in an irreducible (resp. locally irreducible) real analytic set of the same dimension. Suppose further that R is semialgebraic, or that n < 3. Then the holomorphic closure dimension is constant on R.
The holomorphic closure dimension is a natural biholomorphic invariant associated with the germ at p of a real analytic set R. It follows from Theorem 1.3 that, if a real analytic manifold M has a jump in the holomorphic closure dimension at a point p ∈ M , then M is not algebraizable at this point; i.e., there does not exist a local biholomorphic change of coordinates sending the germ of M at p into the germ of an algebraic manifold of the same dimension. However, if M is a CR manifold, then it follows essentially from the work of Harvey and Lawson [7] that the holomorphic closure dimension is constant on M , and is uniquely determined by the CR dimension of M . 
The above proposition is proved in [7, Lemma 9.3] in the special case when M is a CR manifold of hypersurface type (i.e., dim CR M = (d − 1)/2). The proof of the general statement, which we give here, is virtually the same. On the other hand, if M is a real analytic manifold which is not CR, then at CR singularities, the CR dimension of M can be different from the holomorphic closure dimension of M . In fact, at CR singularities of M there does not seem to be any relationship between the two invariants, since the CR dimension is naturally bounded above by half of the dimension of M (as a real manifold), while the holomorphic closure dimension in general is bounded only by the dimension of the ambient space (see Remark 6.2). Since most of the arguments involved in the proofs are local, all of the above results can be easily extended to the case when R is a real analytic or semianalytic subset of an arbitrary connected complex manifold. For the sake of simplicity of the statements we chose to work in C n .
In the next section we give some background material. Theorem 1.1 is proved in Section 3, and the proofs of Theorem 1.3 and Corollary 1.2 are given in Section 4. The two propositions are proved in Section 5. Finally, the last section contains relevant explicit examples.
Background
Given a real linear subspace L in C n of dimension d, we define the CR dimension of L to be the largest m such that L contains a complex linear subspace of (complex) dimension m.
where m is independent of the point p ∈ M . We write dim CR M = m. In particular, if m = 0, then M is called a totally real submanifold.
The main techniques used in the proof of Theorem 1.1 are the complexification and Gabrielov regularity, which we will now briefly recall. To define complexification of real analytic sets in C n it is convenient to introduce the following construction.
where
2n of the smallest complex analytic set which contains the germ of d(R) at d(p). With U and f j suitably chosen, the complexification is simply the germ at d(p) of the set
Let us now turn to our second main tool. The notion of regularity, introduced in the seminal paper [5] of Gabrielov, plays an important role in subanalytic geometry, where it is responsible for certain "tameness" properties of subanalytic sets (see, e.g., [3] , or the recent [1] for details). For our purposes though, it suffices to consider regularity in the complex analytic context. Let ϕ : M → N be a holomorphic mapping of complex manifolds, and let a ∈ M . Then ϕ induces a pull-back homomorphism of local rings ϕ * a : O N,ϕ(a) → O M,a , and further, a homomorphism of their completionsφ * a :Ô N,ϕ(a) →Ô M,a . Consider the following three kinds of rank of ϕ at a:
a (ϕ) (both inequalities can be strict, see Example 6.3). Gabrielov [5] proved that if r Let now A be a complex analytic subset of M . We will say that ϕ| A is (Gabrielov) regular at a point
where ϕ(W ) Zar denotes the Zariski closure, that is, the smallest locally analytic subset of N containing ϕ(W ). Let again nR(ϕ| A ) denote the non-regular locus of ϕ| A . Then, by composing with desingularization of A, Theorem 2.2 implies that nR(ϕ| A ) is a nowhere dense analytic subset of A.
The notion of dimension used above and throughout the paper is well-defined for arbitrary sets, and understood in the following sense: if E is a subset of an analytic K-manifold M (K = R or C), then
The dimension of the germ E a of a set E at a point a ∈ M is then defined as
For a holomorphic mapping ϕ : A → B of complex analytic sets, we will denote by fbd a ϕ the dimension of the germ at a ∈ A of the fibre ϕ −1 (ϕ(a)). If A is irreducible, the minimal fibre dimension is attained on a dense Zariski open subset of A, and is then called the generic fibre dimension of ϕ, and denoted by λ(ϕ) (see, e.g., [8, V.3.3] ).
3. Proof of Theorem 1.1
Let R be an irreducible real analytic set in C n and let p ∈ R. Suppose first that R is irreducible at p.
, and every point of R \ R ′ lies in the closure of a d-dimensional real analytic manifold contained in R.
Let d and D be as in Section 2, and assume without loss of generality that
After shrinking U if necessary, there are f 1 , . . . , f s real analytic in U , such that R ∩ U = {f j (ζ,ζ) = 0, j = 1, . . . , s}, and the complexification R c p of R p equals the germ at d(p) of the set {f j (z, w) = 0, j = 1, . . . , s} ⊂ C 2n . Suppose X ∩ U is the vanishing locus of complex analytic g 1 , . . . , g t ∈ O(U ), and put
where U ′ is some small open neighbourhood of the origin d(p) in C 2n . Then the canonical complexification of X p (viewed as a real analytic set) can be recovered as
, as the defining equations of X z (resp. X w ) do not involve variables w (resp. z), and hence
Let now A be a complex analytic representative of the complexification R c p at the origin; i.e.,
, and hence
Let again A be an irreducible complex analytic set in a neighbourhood 
where λ(ϕ) is the generic fibre dimension of ϕ on A (see, e.g., [8, V.3] ). Let B = nR(ϕ) be the non-regularity locus of ϕ. By Theorem 2.2, B is a proper analytic subset of A. Now, for every η ∈ A \ B, the germ A η is mapped by ϕ into an analytic subgerm of C n ϕ(η) of dimension d − λ(ϕ), whilst, for every η ∈ B, and arbitrarily small open neighbourhood V η of η,
Then S is a proper real analytic subset of R ∩ U , and the holomorphic closure dimension of R is equal to d − λ(ϕ) on (R ∩ U ) \ S, by ( †) and ( ‡).
To complete the proof, it remains to show that, if R is reducible at p, there exist an open neighbourhood Ω of p, and real analytic subsets R j ⊂ R∩Ω, j = 1, . . . , s, each irreducible at p, such that R∩Ω = R 1 ∪· · ·∪R s , and if the holomorphic closure dimension of the R j is constantly h j , say, on the complement of a proper analytic subset S j ⊂ R j , then h j = h k for all j, k = 1, . . . , s. For this it suffices to know that, given any two points in R, there exists a path γ ⊂ R that connects these points, and has the property that if a ∈ γ is a point at which R is reducible, then γ stays in the same local irreducible component of R at a. For a proof by contradiction, let Σ denote the locus of those points of R that can be connected with a given point q by a path γ which satisfies the above property, and suppose that Σ = R. We claim that Σ is a real analytic set. Indeed, every point a ∈ Σ admits an open neighbourhood U such that Σ ∩ U is the union of some of the local irreducible components of R ∩ U , and thus Σ ∩ U is real analytic in U . Since Σ is clearly closed, it is a real analytic subset of R. Let now Σ ′ = R \ Σ. Then Σ ′ is also real analytic. Indeed, if a ∈ R \ Σ, then an open neighbourhood of a in R is contained in Σ ′ , and if a ∈ (R \ Σ) \ (R \ Σ), then R is reducible at a, and in a small open neighbourhood U of a, Σ ′ ∩ U is the union of those local irreducible components of R at a that are not in Σ ∩ U . Thus R = Σ ∪ Σ ′ is reducible; a contradiction. Therefore Σ = R, which completes the proof.
Semianalytic consequences
Proof of Corollary 1.2. For the proof of case (a), let R be a semianalytic set of dimension d > 0, contained in an irreducible real analytic d-dimensional set Z in C n . By Theorem 1.1, there exists a real analytic set S ′ ⊂ Z of dimension at most d − 1, and such that the holomorphic closure dimension is constant on Z \ S ′ ; say, equal to h Z . By the semianalytic stratification, there is a closed semianalytic subset
′ is a closed semianalytic subset of R, of dimension at most d − 1, and such that, for every p ∈ R \ S, dim HC R p = dim HC Z p = h Z . Now, for (b), suppose that R is connected, semianalytic of pure dimension d > 0, and that, for every point p ∈ R, there exist an open neighbourhood U p and an irreducible real analytic set Z ⊂ U p of dimension d, such that R ∩ U p ⊂ Z. Then, as above, there is a closed semianalytic subset S ⊂ R ∩ U p , of dimension at most d − 1, such that the holomorphic closure dimension is constant on (R ∩ U p ) \ S; say, equal to h p . It remains to show that, for any two points p and q in R, h p = h q . Let then γ be a path joining p and q in R, and let, for every x ∈ γ, U
x be an open neighbourhood of x with the above properties. By compactness of γ, there are finitely many p = x 0 , x 1 , . . . , x s = q such that U x0 , . . . , U xs cover γ. Then h xi = h xi+1 , i = 0, . . . , s − 1, as they agree on the overlaps, and hence h p = h q , as required.
Proof of Theorem 1.3. Let R be a connected semianalytic set of pure dimension d > 0, contained (resp. locally contained) in an irreducible (resp. locally irreducible) real analytic set Z in C n of the same dimension. Suppose first that R is semialgebraic. Then there exists a real algebraic set Y in C n , of pure dimension d, such that R ⊂ Y and, for any open neighbourhood U of any point p ∈R, R ∩ U contains an open subset of Y . Then, at every point p ∈R where Z p is irreducible, we have Z p = Y p . It follows that, in the proof of Theorem 1.1, the complexification of Z p is a complex algebraic germ. Therefore it suffices to show that a projection from an algebraic set to a manifold is always Gabrielov regular. This however follows from Chevalley's theorem stating that a projection of an algebraic costructible set is itself constructible, and the fact that dim C E = dim C E Zar for a constructible set E (see [8, VII.8] ). Suppose now that the dimension of the ambient space C n is at most 2. Then, by the proof of Theorem 1.1, it suffices to show that a projection into C n is always regular for n ≤ 2. For this, consider a mapping ϕ : A → C 2 with A an irreducible complex analytic set of dimension d > 0, and let
be the locus of non-generic fibre dimension (cf. Section 2). By the Cartan-Remmert Theorem (see [8, V.3] ), X is a proper analytic subset of A, and hence of dimension at most d − 1. Moreover, the fibre dimension of ϕ is constant on A \ X, hence by the Remmert Rank Theorem ([8, V.6]), every point x ∈ A \ X has arbitrarily small open neighbourhoods
On the other hand, since the generic fibre dimension of ϕ along every irreducible component of X is at least λ(ϕ) + 1, it follows that
Suppose that nR(ϕ) = ∅. Then d − λ(ϕ) ≤ 1, for otherwise ϕ would be dominating; i.e., r 1 x (ϕ) = 2 for every x in an open neighbourhood of p, and hence ϕ would have to be regular. But, clearly, nR(ϕ) ⊂ X (by the Remmert Rank Theorem again), and hence, by ( * ),
This is only possible if ϕ(nR(ϕ)) = ∅, hence nR(ϕ) = ∅; a contradiction.
CR consequences
Proof of Proposition 1.4. Let M be a real analytic CR submanifold of C n of dimension d > 0 and CR dimension m ≥ 0. If we identify T p M , the tangent space to M at a point p ∈ M , with the appropriate real linear subspace of C n , then clearly, the smallest complex linear subspace of C n that contains T p M cannot be of dimension less than d − m. It follows then that, for p ∈ M , no germ M p can be contained in a complex analytic set of dimension less than d − m. Thus, to prove that dim HC M p = d − m, it suffices to construct a germ of a complex analytic set of dimension d − m containing the germ M p for every point p ∈ M .
Without loss of generality assume that 0 ∈ M . Let φ : R d → C n be a real analytic parametrization of M near the origin with φ(0) = 0. Then each component φ j , j = 1, . . . , n, of the map φ can be represented as a convergent power series
where t ∈ R d , c jν ∈ C, and ν ∈ N d . Replacing t by a complex variable w = t + is, we obtain a holomorphic map φ c (w) from a neighbourhood U of the origin in 
any (2d − 2m + 1)-minor vanishes, whenever 2d
By construction, S m+1 is a proper real analytic subset of M , and therefore, on M \ S m+1 , M is a CR manifold of CR dimension m. Suppose now that R is an irreducible real analytic set of pure dimension d. Let S be the set from Theorem 1.1, and let R sng be the singular locus of R.
. . be the connected components of M . From the above considerations, each M j is a CR manifold outside a nowhere dense closed set. Further, by Theorem 1.1, the holomorphic closure dimension is constant on M , and therefore, it follows from Proposition 1.4 that M j is a CR manifold of the same CR dimension for all j.
Examples
In the following example we show that the exceptional set S of Theorem 1.1 may be non-empty. 
x1 cos y 1
where ζ j = x j + iy j , j ≤ 3. Then the complexification of R 0 equals the germ at 0 ∈ C 6 (z,w) of the set A = {z 2 − z 1 w 1 = w 2 − z 1 w 1 = z 3 − z 2 e w1 = w 3 − w 2 e z1 = 0} , whose coordinate projection to C 3 z agrees with that of the set
Consider the local ring of A ′ at the origin,
The latter is the local ring of the germ at the origin of the graph of the classical Osgood mapping
z . Now, by [6, 2.5], every power series F ∈ C{z 1 , z 2 , z 3 } satisfying F (v, vw, vwe w ) = 0, vanishes identically. It follows that ker ϕ * 0 = {0}, and hence r 3 0 (ϕ) = 3, whilst r 1 0 (ϕ) = 2. Therefore, ϕ is not regular at the origin, and consequently, the set S from Theorem 1.1 is non-empty. In fact, S = {0}. Remark 6.2. As mentioned in Section 1, in general, the holomorphic closure dimension of a real analytic set R in C n is bounded only by the dimension n of the ambient space. Indeed, by [6, 2.5] again, there exists, for every n ≥ 3, a monomorphism of C-algebras θ : C{z 1 , . . . , z n } ֒→ C{v, w} , and hence, a holomorphic mapping ϕ : C 2 → C n with ϕ * 0 = θ. It follows that ker ϕ * 0 = {0}, and hence r 3 0 (ϕ) = dim C{z 1 , . . . , z n }/(0) = n. Of course, r 1 0 (ϕ) ≤ 2, since, in any case, this rank is bounded above by the dimension of the source. Then, as in the above example, we may construct a 2-dimensional real analytic manifold R in C n ζ , such that the complexification R c 0 has the same projection to C n z as the graph of the map ϕ, and consequently dim HC R 0 = n.
One might suppose that the holomorphic closure dimension of a real analytic set R admits some sort of stratification. It turns out that this is not the case. We are indebted to E. Bierstone for suggesting the following example, which shows that no semianalytic (even subanalytic) stratification for dim HC R p exists beyond S in general. where S = {ζ 2 = ζ 3 = ζ 4 = ζ 5 = 0}, and T = {ζ ∈ S : ζ 1 = 0 or ζ 1 = 1/n, n ≥ 1} is not subanalytic. Example 6.4. As suggested by the proof of Theorem 1.1, the set S of the exceptional holomorphic closure dimension may have non-empty interior in an irreducible real analytic R, if R is not of pure dimension. Consider, for instance, the Cartan umbrella R = {(z 1 , z 2 ) = (x 1 + iy 1 , x 2 + iy 2 ) ∈ C 2 : x 2 (x 2 1 + y 2 1 ) − x 3 1 = y 2 = 0} , which is of real dimension 2 except at the points of the "stick" S = {x 1 = y 1 = y 2 = 0} \ {0}. Then dim HC R p = 2 for every p ∈ R \ S, and dim HC R p = 1 for every p ∈ S, since then R p is contained in X p = ({z 1 = 0}) p .
